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1. Introduction
We are interested in existence, uniqueness and convergence of approximants of positive weak solutions for semilinear
second order elliptic inequalities of the form{−u(x) f (x,u(x)) for a.e. x ∈ Ω,
u(x) = 0 on ∂Ω, (1.1)
where Ω is a bounded open set in Rn with n > 2.
Inequality (1.1) and its generalizations arise in the study of non-Newtonian ﬂuids, non-Newtonian ﬁltrations, subsonic
motion of gases, plasma physical models, population dynamics and some chemical reaction, see [3,12,14,32,36] and the
references therein. The existence and nonexistence of (1.1) have been studied in [6,11,21,24].
It is known that the semilinear second order elliptic equations with nonlinearity f which is equal to the critical Sobolev
term u
n+2
n−2 have no solutions for some Ω [35] but have solutions for some other Ω [5,34]. Hence, it is interesting to know
whether the semilinear second order elliptic inequality (1.1) has a weak solution when f is equal to u
n+2
n−2 or when the
conditions imposed on f contain u
n+2
n−2 .
There has been progress in studying the above elliptic inequality with the critical Sobolev term. Fang [11] proved that
there exists λ > 0 such that the eigenvalue problem (1.1) with f (x,u) ≡ λu n+2n−2 has a positive weak solution, where the
critical point theory was used.
Recently, the author [24] studied (1.1) by a different approach. He established a variational inequality theory for demi-
continuous S-contractive maps in Hilbert spaces by employing the ideas of Granas on topological transversality [10,16]. Such
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S-contractive maps [26] and to those of ﬁxed point index for condensing self-maps [33] and for generalized inward maps
of condensing-types [28,29]. Such a theory was used in [24] to investigate the existence of positive weak solutions of (1.1)
by employing the well-known growth conditions a(x) + c(x)uδ as upper bounds of f and introducing the new conditions
−a1(x) − b1(x)uσ as lower bounds of f . The advantage of using these conditions is that the two parameters δ and σ may
be unequal. δ is required to belong to (0, n+2n−2 ), so may take values greater than 1, and σ belongs to (0,
n+2
n−2 ] and thus,
the lower bound condition is allowed to contain the critical Sobolev term. It is shown in [24] that when σ = n+2n−2 and the
upper bound condition is replaced by a monotonicity condition involving a function b and stronger than the upper bound
condition, (1.1) has positive weak solutions. (Precise deﬁnitions of the symbols and notations in the Introduction will be
given later.) If one only uses the growth conditions (see [4,30,41] and the references therein), then δ and σ must be the
same and are less than 1, so δ and σ cannot take the value n+2n−2 . Hence, the previous methods used in [4,30,41] cannot be
used to treat the case when the growth conditions contain the critical Sobolev term.
However, in [24], the two functions b1 and b are required to belong to Lp and Lq , respectively, where p > s1 and q > n/2.
Hence, the results in [24] cannot be applied to treat the cases when p = s1 or q = n/2. Moreover, the uniqueness of positive
weak solutions of (1.1) cannot be treated using the results in [24] because the maps involved are S-contractive.
In this paper, we study the uniqueness and existence of positive weak solutions of (1.1), where p and q are al-
lowed to take the values s1 and n/2, respectively. To do this, we ﬁrst establish some variational inequality principles
for demicontinuous pseudo-contractive maps A in Hilbert spaces by employing some known results of variational in-
equalities for S-contractive maps in [24] and studying the convergence of solutions of variational inequalities for maps
Stx = (1 − t)Ax + tx0 as t → 0+ . Similar methods were used in [8,25,38,39,42] to study existence, uniqueness and conver-
gence of approximants of ﬁxed points for demicontinuous weakly inward pseudo-contractive maps in Hilbert spaces and
other nonlinear maps, and in [9] for demicontinuous weakly inward pseudo-contractive maps in uniformly smooth Banach
spaces. However, these earlier results were never applied to treat the semilinear second order elliptic inequalities like (1.1).
Next, following [24], we change (1.1) into a variational inequality: that is, ﬁnd u ∈ P , the standard positive cone in the
Sobolev space H10 := H10(Ω), such that
(u − Au,u − v)H10  0 for all v ∈ P , (1.2)
where the map A : P → H10 is deﬁned by
(Au, v)H10
=
∫
Ω
f
(
x,u(x)
)
v(x)dx. (1.3)
We prove that under the lower bound and monotonicity conditions even with p = s1 or q = n/2, the map A deﬁned in (1.3)
maps P into H10 and is a continuous k-dissipative map with k < 1 or a pseudo-contractive map (see Theorem 3.1). It is
known that a k-dissipative map with k < 1 is a pseudo-contractive map and an S-contractive map. A pseudo-contractive
map may not be an S-contractive map and vice versa. Hence, our results are different from those in [24], where it is shown
that the map A is a compact map or a continuous S-contractive map and either p > s1 or q > n/2 is used in an essential
way. Moreover, our results can be applied to treat the uniqueness of positive weak solutions of (1.1).
Finally, using the new variational inequality principles, we obtain results on uniqueness, existence and convergence of
approximants of positive weak solutions for (1.1). As illustrations of our results, we show that (1.1) with
f (x,u) = −a1(x) − b1(x)uσ + g(x)h(u)
has a unique positive weak solution or a positive weak solution by imposing suitable conditions on g and h. These conditions
are easily veriﬁed and many functions like h(u) = u + sinu satisfy these conditions.
Some of results like Theorem 2.3 in this paper and in [24] depend heavily on the properties of Hilbert space. It would
be interesting to generalize the theory of variational inequalities from Hilbert spaces to uniformly convex Banach spaces or
reﬂexive Banach spaces in order to consider (1.1) with p-Laplacian operators or more general elliptic differential operators.
There are developments on this theory, for example, see [9,31,37,43], but there has been little study on applications of these
theories to (1.1).
2. Principles of variational inequalities
In this section, we study existence, uniqueness and convergence of approximants of positive solutions of variational
inequality of the form
(x− Ax, x− v) 0 for all v ∈ K , (2.1)
where A : D ⊂ K → H is a demicontinuous pseudo-contractive map in a Hilbert space H and K is a closed convex set in H .
It is known that variational inequalities have many applications in physics, mechanics, engineering, control, optimization,
nonlinear potential theory and elliptic inequalities, for example, see [13,17,19,20,24].
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existence of positive weak solutions for semilinear second order elliptic inequalities, where the maps involved are compact
or S-contractive.
Recall that a map A : D ⊂ H → H is said to be a k-dissipative map with k ∈R if (Ax− Ay, x− y) k‖x− y‖2 for x, y ∈ D .
A 1-dissipative map is called a pseudo-contractive map. A is said to be demicontinuous on D if {xn} ⊂ D and xn → x ∈ D
together imply Axn ⇀ Ax, where → and ⇀ denote strong and weak convergence, respectively. It is clear that if A is a
nonexpansive map, that is, ‖Ax − Ay‖ ‖x − y‖ for all x, y ∈ D , then A is a continuous pseudo-contractive map. We refer
to [25] for the study of existence, uniqueness and convergence of approximants of ﬁxed points for demicontinuous weakly
inward pseudo-contractive maps in Hilbert spaces and to [18] for the study of existence of ﬁxed points for demicontinuous
weakly inward pseudo-contractive maps in reﬂexive spaces. A is said to be S-contractive on D if I − A is of S+-type,
that is, if {yn} ⊂ D with yn ⇀ y ∈ H and limsup(yn − Ayn, yn − y)  0 together imply yn → y (see [7,26,27]). We refer
to [2,7,40] for the degree theories for maps of S+-type and applications. A is said to be compact if A is continuous and
A(Ω) is relatively compact for each bounded subset Ω of D . If A is completely continuous on D , that is, {yn} ⊂ D with
yn ⇀ y ∈ D implying Ayn → Ay, then A is compact. It is known that a k-dissipative map with k < 1 or the sum of an
S-contractive map and a compact map is S-contractive. If B : D ⊂ K → H is compact and A : K → H is a generalized
contractive map (i.e., for each x ∈ K , there exists α(x) ∈ (0,1) such that ‖Ax − Ay‖ α(x)‖x − y‖ for all y ∈ K [22]), then
A + B : D → H is S-contractive on D [26]. A map T : D ⊂ H → H is said to be monotone if (T x− T y, x− y) 0 for x, y ∈ D .
It is clear that A is pseudo-contractive if and only if I − A is monotone. T is said to be pseudo-monotone if xn ⇀ v and
limsupn→∞(T xn, xn − v) 0, then
(T v, v − x) lim inf
n→∞ (T xn, xn − x) 0 for all x ∈ K .
It is known that if A is a demicontinuous pseudo-contractive map or a demicontinuous S-contractive map, then T = I − A is
pseudo-monotone [27]. However, a demicontinuous pseudo-contractive map may not be an S-contractive map. In Section 4,
the nonlinear map A deﬁned in (1.3) will be proved to be a continuous k-dissipative map in the Sobolev space H10, but it
seems diﬃcult to prove that they are compact or S-contractive when k = 1.
We always assume that K is a closed convex set in H . We ﬁrst prove a result on existence and uniqueness of solutions
of a demicontinuous k-dissipative map with k ∈ (0,1) by using the known results in [24].
Theorem 2.1. Assume that A : K → H is a demicontinuous k-dissipative map with k ∈ (0,1). Then (2.1) has a unique solution in K .
Proof. Since A is a k-dissipative map with k < 1, A is S-contractive. If K is bounded, then it follows from [24, Lemma 2.5]
that (2.1) has a solution in K . If K is unbounded, then we have for x, v0 ∈ K ,
(Ax, x− v0) = (Ax− Av0, x− v0) + (Av0, x− v0) k‖x− v0‖2 + (Av0, x− v0)
 k
(‖x‖2 + 2‖x‖‖v0‖ + ‖v0‖2)+ ‖Av0‖(‖x‖ + ‖v0‖).
This implies
limsup
x∈K ,‖x‖→∞
(Ax, x− v0)
‖x‖2  k < 1.
By [24, Theorem 2.1], (2.1) has a solution in K . Since A is a k-dissipative map with k ∈ (0,1), it follows that the solution
of (2.1) is unique. 
Let x0 ∈ H . For each t ∈ [0,1], we deﬁne a map St : K → H by
Stx = (1− t)Ax+ tx0. (2.2)
By Theorem 2.1, we obtain the following result.
Theorem 2.2. Assume that A : K → H is a demicontinuous pseudo-contractive map. Then for each t ∈ (0,1), there exists a unique
xt ∈ K such that
(xt − Stxt , xt − x) 0 for all x ∈ K . (2.3)
The following result shows that if {xt} is bounded, then {xt} converges.
Theorem 2.3. Let Ω ⊂ K be a closed convex set in H. Assume that A : Ω → H is a demicontinuous pseudo-contractive map, xt ∈ Ω
satisﬁes (2.3) for t ∈ (0,1) and {xt} is bounded. Then {xt} converges to a solution of (2.1) as t → 0+ .
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in H , there exist a subsequence {x j} of {xn} and v ∈ Ω such that x j ⇀ v . By (2.3), we have for each x ∈ K ,
(1− t j)(x j − Ax j, x j − x) + t j(x j − x0, x j − x) = (x j − St j x j, x j − x) 0.
This implies (1− t j)(x j − Ax j, x j − x)−t j(x j − x0, x j − x) and
limsup
j→∞
(x j − Ax j, x j − x) 0 for all x ∈ K .
Since I − A is pseudo-monotone,
(v − Av, v − x) lim inf
j→∞
(x j − Ax j, x j − x) 0 for all x ∈ K . (2.4)
Hence, v is a solution of (2.1). By (2.3) and (2.4), we have
‖x j − v‖2 = (x j − St j x j, x j − v) +
(
(1− t j)Ax j + t jx0 − v, x j − v
)

(
(1− t j)Ax j + t jx0 − v, x j − v
)
= ((1− t j)Ax j + t jx0 − (1− t j)v + t j v, x j − v)
= (1− t j)
[
(Ax j − Av, x j − v) + (Av − v, x j − v)
]+ t j(x0 − v, x j − v)
 (1− t j)‖x j − v‖2 + t j(x0 − v, x j − v).
This implies ‖x j − v‖2  (x0 − v, x j − v). Since x j ⇀ v , we have
lim
j→∞
(x0 − v, x j − v) = 0
and x j → v . We prove xn → v . In fact, if {xn} does not converge to v , then there exist ε > 0 and a subsequence {xk} of {xn}
such that ‖xk − v‖ ε. By a similar argument used above, there exist a subsequence {xi} of {xk} and u ∈ Ω with u = v such
that xi ⇀ u and u is a solution of (2.1). For each j, we have
t j(x j − x0) = x j − St j x j + (1− t j)
[
(Ax j − Au) − (x j − u) + (Au − u)
]
. (2.5)
Since (x j − St j x j, x j − u)  0, (Ax j − Au, x j − u)  ‖x j − u‖2 and (Au − u, x j − u)  0, it follows from (2.5) that (x j − x0,
x j −u) 0 for each j. Since x j → v , we obtain (v − x0, v −u) 0. Similarly, we have (u− x0,u− v) 0 by considering {xi}.
Hence,
‖v − u‖2 = (v − x0, v − u) + (x0 − u, v − u) 0.
and we have u = v , a contradiction. 
One of key conditions used in Theorem 2.3 is that {xt} is bounded. In the following, we ﬁrst consider the case when
Ω = K and provide conditions on K or A which imply that {xt} is bounded. The simplest condition is that K is bounded.
Theorem 2.4. Let K be a bounded closed convex set in H. Assume that A : K → H is a demicontinuous pseudo-contractive map. Then
(2.1) has a solution in K and {xt} converges to a solution of (2.1).
The ﬁrst result of Theorem 2.4 is a special case of [20, Theorem 1.4, p. 84], where the space involved is a reﬂexive Banach
space. However, the proof of Theorem 2.4 is different. Moreover, the second result of Theorem 2.4 is new.
When K is unbounded, we provide a necessary and suﬃcient condition which ensures that {xt} is bounded.
Theorem 2.5. Let K be an unbounded closed convex set in H. Assume that A : K → H is a demicontinuous pseudo-contractive map.
Then the following assertions are equivalent.
(H1) For each u ∈ H there exists r > 0 such that the variational inequality of hu(t, ·) has no solutions on K \ Kr for each t ∈ [0,1],
where hu(t, ·) : K → H is deﬁned by hu(t, x) = (1− t)Ax+ tu and Kr = {x ∈ K : ‖x‖ r}.
(H2) {xt} converges to a solution of (2.1) as t → 0+ .
(H3) (2.1) has a solution in K .
Proof. Assume that (H1) holds. By Theorem 2.2, for each t ∈ (0,1), there exists a unique xt ∈ K such that (2.3) holds.
By (H1) with u = x0, there exists r > 0 such that the variational inequality of hx0 (t, ·) has no solutions on K \ Kr for each
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that (H3) implies (H1). Let v ∈ K be a solution of (2.1) and u ∈ K . Let r  ‖u − v‖ + ‖v‖ and x ∈ K with ‖x‖ > r. Since
x− hu(t, x) = (x− v) + (1− t)
[
(v − Av) + (Av − Ax)]+ t(v − u),
we have for t ∈ (0,1],
(
x− hu(t, x), x− v
)= ‖x− v‖2 − (1− t)(v − Av, v − x) − (1− t)(Av − Ax, v − x) − t(u − v, x− v)
 ‖x− v‖2 − (1− t)‖v − x‖2 − t‖u − v‖‖x− v‖
= t‖x− v‖[‖x− v‖ − ‖u − v‖]
 t‖x− v‖[‖x‖ − ‖v‖ − ‖u − v‖]> 0.
This implies that the variational inequality of hu(t, ·) has no solutions on K \ Kr for each t ∈ (0,1] and (H1) holds. 
We refer to [20, Theorem 1.7] for another necessary and suﬃcient condition for (2.1) to have a solution in K .
The following result provides a suﬃcient condition for {xt} to be bounded.
Corollary 2.1. Let K be an unbounded closed convex set in H and 0 ∈ K . Assume that A : K → H is a demicontinuous pseudo-
contractive map satisfying
limsup
‖x‖→∞
(Ax, x)
‖x‖2 < 1.
Then (2.1) has a solution in K and {xt} converges to a solution of (2.1) as t → 0+ .
Proof. It suﬃces to show that Theorem 2.5 (H1) holds. In fact, if not, there exist u ∈ H , {tn} ⊂ [0,1] and {xn} ⊂ K with
‖xn‖ → ∞ such that(
xn − (1− tn)Axn − tnu, xn
)
 0.
This implies ‖xn‖2  (1− tn)(Axn, xn) + tn(u, xn) and
1 (1− tn) (Axn, xn)‖xn‖2 + tn
(u, xn)
‖xn‖2  (1− tn)
(Axn, xn)
‖xn‖2 + tn
‖u‖
‖xn‖ .
Hence, we have 1 > limsup‖xn‖→∞
(Axn,xn)
‖xn‖2  1, a contradiction. 
The ﬁrst result of Corollary 2.5 is a special case of [20, Corollary 1.8], where the space is a reﬂexive Banach space. The
second result of Corollary 2.5 is new.
Now, we consider the case when A is deﬁned on a subset of K . Let D be an open set in H . We denote by DK and ∂DK
the closure and the boundary, respectively, of DK = D ∩ K relative to K .
We need the following result which is a special case of [24, Theorem 3.1].
Lemma 2.1. Let D be a bounded open convex set in H such that DK = ∅ and DK = K . Assume that A : DK → H is a demicontinuous
k-dissipative map with k < 1 satisfying the following condition.
(LS) There exists x0 ∈ DK such that the variational inequality (2.3) of St has no solutions on ∂DK for each t ∈ [0,1).
Then (2.1) has a solution in DK .
By Lemma 2.1 and Theorem 2.3, we obtain the following new result, which extends [24, Theorem 3.1], where A is a
demicontinuous S-contractive map.
Theorem 2.6. Let D be a bounded open convex set in H such that DK = ∅ and DK = K . Assume that A : DK → H is a demicontinuous
pseudo-contractive map such that (LS) of Lemma 2.1 holds. Then the following assertions hold.
(i) For every t ∈ (0,1) there exists xt ∈ DK such that (2.3) holds.
(ii) {xt} converges to a solution of (2.1) as t → 0+ .
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St(x) = (1− t)Ax+ tx0,
where x0 ∈ DK is given in the (LS) condition. It is easy to verify that St : DK → H is a demicontinuous (1 − t)-dissipative
map for t ∈ (0,1) satisfying (LS) on ∂DK . By Lemma 2.1, (2.3) has a solution xt ∈ DK for each t ∈ (0,1) and (i) holds. Since
{xt} ⊂ DK , {xt} is bounded. The result (ii) follows from Theorem 2.3. 
3. Uniqueness of positive weak solutions
In this section, we study uniqueness of positive weak solutions of semilinear second order elliptic inequalities of the
form {−u(x) f (x,u(x)) for a.e. x ∈ Ω,
u(x) = 0 on ∂Ω, (3.1)
where Ω is a bounded open set in Rn with μ := meas(Ω) > 0 and n > 2.
Existence and nonexistence of positive weak solutions of (3.1) are studied in [11,24] and in [6,21], respectively. We refer
to [12,14,32,36] for some generalizations and physical signiﬁcations of (3.1). Here we consider the uniqueness.
Let Lp+ := {x ∈ Lp(Ω): x(t) 0 a.e. on Ω}. We list the following conditions:
(P1) f : Ω ×R+ →R satisﬁes the Carathéodory conditions, that is, f (·,u) is measurable for each ﬁxed u ∈R+ and f (t, ·)
is continuous for a.e. t ∈ Ω .
(P2)σ There exist a1 ∈ L
2n
n+2+ , σ ∈ (0, n+2n−2 ], b1 ∈ Ls1+ such that
−a1(x) − b1(x)uσ  f (x,u) for a.e. x ∈ Ω and u ∈R+,
where s1 =
{
2n
n+2−(n−2)σ if σ ∈ (0, n+2n−2 ),
∞ if σ = n+2n−2 .
(P3)s f (·,0) ∈ L 2nn+2 and there exist s ∈ [ n2 ,∞] and b ∈ Ls+ such that
f (x,u) − f (x, v) b(x)(u − v) for a.e. x ∈ Ω and 0 v  u. (3.2)
When σ ∈ (0, n+2n−2 ), (P2)σ is more general than (C3)σ in [24], where b1 ∈ Ls+ with s ∈ (s1,∞]. (P2)σ with σ = n+2n−2 is the
same as (C3)σ . (P3)s allows s to take the value n2 while (C4)
δ with δ = 1 in [24] requires s ∈ ( n2 ,∞].
Let P ⊂ H10 be the standard positive cone in H10, that is,
P = {u ∈ H10: u(x) 0 a.e. on Ω}.
A function u ∈ H10 is called a positive weak solution of (3.1) if u ∈ P and u satisﬁes∫
Ω
[∇u(x)∇(u(x) − v(x))− f (x,u(x))][u(x) − v(x)]dx 0 for v ∈ P , (3.3)
equivalently, u satisﬁes the following variational inequality:
(u − Au,u − v)H10  0 for all v ∈ P , (3.4)
where the map A : P → H10 is deﬁned by
(Au, v)H10
=
∫
Ω
f
(
x,u(x)
)
v(x)dx. (3.5)
We need the following known results (see [24, Lemmas 4.2 and 4.3]).
Lemma 3.1.
(i) H10 ⊂ L
2n
n−2 .
(ii) Let p ∈ [1, 2nn−2 ] and C(p) = μ(
1
p − n−22n ) 2(n−1)
(n−2)√n . Then
‖u‖Lp  C(p)‖u‖H10 for u ∈ H
1
0 .
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‖u‖Lp μ(
1
p − 1q )‖u‖Lq for u ∈ Lq.
Lemma 3.1(i), (ii) with p = 2nn−2 and (iii) can be found in [1,15,20].
Notation. Let
μ(s) =
{
s
s−1 if s ∈ [n2 ,∞),
1 if s = ∞ and k(s) := kb(s) = ‖b‖Ls C
2(2μ(s)).
The following new result shows that A is a continuous k-dissipative map.
Theorem 3.1. Assume that (P1), (P2)σ and (P3)s hold. Then the map A deﬁned in (1.3) maps P into H10 and is a continuous k(s)-
dissipative map.
Proof. Let p = 2nn−2 and q = 2nn+2 . If σ = n+2n−2 , then we have∫
Ω
bq1(x)u
σq(x)dx
∥∥bq1∥∥L∞‖u‖ n−22n
L
2n
n−2
for u ∈ Lp . (3.6)
Assume σ ∈ (0, n+2n−2 ). Let p∗ = n+2(n−2)σ and q∗ = n+2(n+2)−(n−2)σ . Then 1/p∗ + 1/q∗ = 1, qq∗ = s1 and σqp∗ = p. Then we have
for u ∈ Lp+ ,∫
Ω
bq1(x)u
σq(x)dx
(∫
Ω
bqq
∗
1 (x)dx
)1/q∗(∫
Ω
uσqp
∗
(x)dx
)1/p∗
= ‖b1‖qLs1 ‖u‖σqLp . (3.7)
Since b ∈ Ls+ for s ∈ [ n2 ,∞], b ∈ L
n
2+ . By Hölder’s inequality, we have for u ∈ Lp ,∫
Ω
bq(x)uq(x)dx
(∫
Ω
bqq
∗
(x)dx
)1/q∗(∫
Ω
uqp
∗
(x)dx
)1/p∗
 ‖b‖q
L
n
2
‖u‖qLp . (3.8)
We prove that the Nemytskii operator f deﬁned by fu(x) = f (x,u(x)) maps Lp+ to Lq . By (P3)s , we have
f (x,u) f (x,0) + b(x)u  ∣∣ f (x,0)∣∣+ b(x)u for a.e. x ∈ Ω and u ∈R+. (3.9)
This, together with (P2)σ implies∣∣ f (x,u)∣∣ ∣∣ f (x,0)∣∣+ a1(x) + b1(x)uσ + b(x)u for a.e. x ∈ Ω and u ∈R+.
Let a(x) = | f (x,0)| for x ∈ Ω . Then we have for u ∈ Lp+ ,∣∣ f (x,u(x))∣∣q  4q[aq(x) + aq1(x) + bq1(x)uσq(x) + bq(x)uq(x)].
Integrating the above inequality, we get
‖fu‖qLq  4q
[
‖a‖qLq + ‖a1‖qLq +
∫
Ω
bq1(x)u
σq(x)dx+
∫
Ω
bq(x)uq(x)dx
]
.
This, together with (3.6)–(3.8), implies f(u) ∈ Lq for u ∈ Lp+ . By (P1) and [23, Theorems 2.1 and 2.2], f : Lp+ → Lq is bounded
and continuous. Let u ∈ P and v ∈ H10. It follows from Lemma 3.1(i) that v ∈ Lp . By Hölder’s inequality and Lemma 3.1(ii),
we have
(Fu)(v) :=
∫
Ω
f
(
x,u(x)
)
v(x)dx ‖fu‖Lq‖v‖Lp  C(p)‖fu‖Lq‖v‖H10 .
Therefore, Fu : H10 → (H10)∗ is a bounded linear operator on H10. By Riesz’s theorem, there exists a unique w ∈ H10 such that
(Fu)(v) = (w, v)H10 . We deﬁne Au = w . Then Au ∈ H
1
0 is well deﬁned for each u ∈ P . This shows that the map A given
in (3.5) maps P into H10. Let {uk} ⊂ P with uk → u in H10. It follows from the continuity of f that ‖fuk − fu‖Lq → 0. By
Lemma 3.1(ii), we obtain for each v ∈ H1,0
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∫
Ω
∣∣ f (x,uk) − f (x,u)∣∣∣∣v(x)∣∣dx ‖fuk − fu‖Lq‖v‖Lp
 C(p)‖fuk − fu‖Lq‖v‖H10 .
This implies ‖Auk − Au‖H10  C(p)‖fuk − fu‖Lq . Hence, ‖Auk − Au‖H10 → 0 and A : P → H
1
0 is continuous.
By (P3)s , we have for u, v ∈ P ⊂ Lp+ ⊂ L2μ(s)+ ,
(Au − Av,u − v)H10 =
∫
Ω
[
f
(
x,u(x)
)− f (x, v(x)][u(x) − v(x)]dx

∫
Ω
b(x)
[
u(x) − v(x)]2 dx ‖b‖Ls‖u − v‖2L2μ(s)
 ‖b‖Ls C2
(
2μ(s)
)‖u − v‖2
H10
= k(s)‖u − v‖2
H10
.
It follows that A : P → H10 is a k(s)-dissipative map. 
In Theorem 3.1, if σ = n+2n−2 and b ∈ Ls with s > n/2, then it follows from [24, Theorem 4.1(2)] that A : P → H10 is
a continuous S-contractive map. However, it seems diﬃcult to show that the same conclusion holds when b ∈ Ln/2. When
σ ∈ (0, n+2n−2 ), b1 ∈ Lp with p > s1 and b ∈ Lq with q > n/2, it follows from [24, Theorem 4.1(1)] that A : P → H10 is completely
continuous. However, it is not clear whether the same result holds when b1 ∈ Ls1 or b ∈ Ln/2. Hence, Theorem 3.1 is new
and can be applied to the cases when b1 ∈ Ls1 or b ∈ Ln/2.
Now, we are in a position to give our new result on uniqueness of positive weak solutions of (3.1).
Theorem 3.2. Suppose (P1), (P2)σ and (P3)s hold and k(s) < 1. Then (3.1) has a unique weak solution in P .
Proof. By Theorem 3.1, A : P → H10 is a continuous k(s)-dissipative map with k(s) < 1. By Theorem 2.1, the variational
inequality of A has a unique solution in P , which implies that (3.3) has a unique solution in P . The result follows. 
In Theorem 3.2 with σ ∈ (0, n+2n−2 ), if s1 ∈ ( 2nn+2−(n−2)σ ,∞] and s ∈ (n/2,∞], then by (3.9), we see that (P3)s implies that
(C2)δ with δ = 1 of [24, Theorem 4.2] holds. In this case, Theorem 4.2 with (S2) in [24] can be applied only to obtain the
existence of weak solutions of (3.1). However, Theorem 3.2 not only gives the result on the existence and uniqueness of
weak solutions but also applies to the cases when s1 = 2nn+2−(n−2)σ or s = n/2. Theorem 3.2 with σ = n+2n−2 generalizes the
existence result of Theorem 4.3 with δ = 1 and (S2) in [24] from s ∈ (n/2,∞] to s ∈ [n/2,∞] and gives the uniqueness of
positive weak solutions of (3.1).
In Theorem 3.2, the condition k(s) < 1 plays an important role in obtaining the uniqueness of positive weak solutions
of (3.1). However, one cannot obtain any results on existence and uniqueness of solutions of (3.1) if there are no extra
conditions imposed on f . In the following section, we study the case when k(s) = 1.
4. Convergence of positive weak solutions
In this section, we show that when k(s) = 1, positive weak solutions of (3.1) can be obtained by considering the conver-
gence of positive weak solutions of the family of semilinear second order elliptic inequalities of the form{−ut(x) (1− t) f (x,ut(x))+ tu0(x) for a.e. x ∈ Ω ,
ut(x) = 0 on ∂Ω,
(4.1)
where u0 ∈ H10.
The following result shows that (4.1) has a unique solution for each t ∈ (0,1).
Theorem 4.1. Assume that (P1), (P2)σ and (P3)s hold and k(s) = 1. Then for each t ∈ (0,1), there exists a unique ut ∈ P satisfy-
ing (4.1).
Proof. Let bt(x) = (1−t)b(x) and gt(x,u) = (1−t) f (x,u)+tu0(x) for x ∈ Ω and t ∈ [0,1]. Then for each t ∈ (0,1), gt satisﬁes
(P1), (P2)σ and (P3)s , where b(x) is replaced by bt(x). By (3.3), (4.1) is equivalent to the following inequality∫ (∇u(x)∇(u(x) − v(x))− gt(x,u(x)))(u(x) − v(x))dx 0 for v ∈ P .Ω
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‖bt‖Ls C2
(
2μ(s)
)= (1− t)‖b‖Ls C2(2μ(s))= (1− t)k(s) < 1,
the result follows from Theorem 3.2. 
In order to obtain results on the existence of solutions of (3.1) when k(s) = 1, we need the following condition:
(P4)δ There exist a ∈ L
2n
n+2+ , δ ∈ (0,1], s∗ ∈ [ n2 ,∞] and c ∈ Ls
∗
+ such that
f (x,u) a(x) + c(x)uδ for a.e. x ∈ Ω and u ∈R+.
It is obvious that (P3)s implies that (P4)δ with δ = 1 holds. When δ = 1, (P4)δ is more general than (C2)δ used in [24],
where c ∈ Lp with p > n/2.
The following result shows that under the additional hypothesis (P4)δ , (3.1) has a weak solution in P . Moreover, the
sequence of solutions of (4.1) converges to a solution of (3.1) as t → 0+ . To the best of our knowledge, Theorem 4.2 is the
ﬁrst result on positive weak solutions of (3.1) obtained by considering (4.1).
Theorem 4.2. Assume that the conditions of Theorem 4.1 and one of the following conditions hold:
(s1) (P4)δ with δ < 1 holds.
(s2) (P4)δ with δ = 1 holds and ‖c‖Ls∗ C2(2μ(s∗)) < 1.
Then (3.1) has a weak solution in P and the sequence {ut : t ∈ (0,1)} given in (4.1) converges to a solution of (3.1) as t → 0+ .
Proof. Since k(s) = 1, by Theorem 3.1, A deﬁned in (3.5) maps P into H10 and is a continuous pseudo-contractive map. Let
p = 2nn−2 and q = 2nn+2 . By (P2)δ , we have for u ∈ P ⊂ Ls
∗
+ ,
(Au,u)
∫
Ω
a(x)u(x)dx+
∫
Ω
c(x)uδ+1(x)dx
 ‖a‖Lq‖u‖Lp + ‖c‖Ls∗ ‖u‖δ+1L(δ+1)μ(s∗)
 C(p)‖a‖Lq‖u‖H10 +
[
C
(
(δ + 1)μ(s∗))]δ+1‖c‖Ls∗ ‖u‖δ+1H10 .
Hence, we have
|(Au,u)|
‖u‖2
H10
 C(p) ‖a‖Lq‖u‖H10
+ [C((δ + 1)μ(s∗))]δ+1‖c‖Ls∗ 1‖u‖1−δ
H10
. (4.2)
(s1) If δ ∈ (0,1), then by (4.2), we have
limsup
‖u‖
H10→∞
|(Au,u)|
‖u‖2
H10
 0.
(s2) If δ = 1 and ‖c‖Ls∗ C2(2μ(s∗)) < 1, it follows from (4.2) that
limsup
‖u‖
H10
→∞
|(Au,u)
‖u‖2
H10

[
C
(
2μ
(
s∗
))]2‖c‖Ls∗ < 1.
The results follow from Corollary 2.1. 
Theorem 4.2 improves Theorems 4.2 and 4.2 in [24]. In Theorem 4.2, although (P3)s implies (P4)δ with δ = 1, we still
need (P4)δ even when δ = 1 because it ensures that (s1) or (s2) holds.
As applications of Theorems 4.2, we consider existence of positive weak solutions of the following inequality:{−u(x)−a1(x) − b1(x)uσ + g(x)h(u) for a.e. x ∈ Ω ,
u(x) = 0 on ∂Ω. (4.3)
Similar inequalities are studied in [24].
Example 4.1. Assume that the following conditions hold.
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(ii) There exists s ∈ [n/2,∞) such that g ∈ Ls+ .
(iii) h ∈ C1[0,∞) and M := sup{|h′(u)|: u ∈ [0,∞)} < ∞.
Then the following assertions hold.
(1) If M‖g‖Ls C2(2μ(s)) < 1, then (4.3) has a unique weak solution in P .
(2) If M‖g‖Ls C2(2μ(s)) = 1 and limsupu→∞ h(u)u < M , then (4.3) has a weak solution in P and the sequence {ut : t ∈ (0,1)}
given in (4.1) converges to a solution of (4.3) as t → 0+ .
Proof. Let f (x,u) = −a1(x) − b1(x)uσ + g(x)h(u). Then it is easy to see that f satisﬁes (P1) and (P2)σ . We show that f
satisﬁes (P3)s . Let 0 v < u. Then there exists ξ ∈ (v,u) such that
h(u) − h(v) = h′(ξ)(u − v) M(u − v).
Hence, we have
f (x,u) − f (x, v) = −b1(x)
(
uσ − vσ )+ g(x)(h(u) − h(v)) Mg(x)(u − v).
Noting that g ∈ Ln/2 ⊂ L 2nn+2 , we have f (·,0) ∈ L 2nn+2 . Hence, (P3)s with b(x) = Mg(x) holds. If M‖g‖Ls C2(2μ(s)) < 1, by
Theorem 3.2, (4.3) has a unique weak solution in P . To prove the result holds under (2), let Mh ∈ (limsupu→∞ h(u)u ,M).
Then there exists ρ0 > 0 such that h(u) Mhu for u  ρ0. Since h is continuous, there exists m > 0 such that h(u)m for
u ∈ [0,ρ0]. This implies
h(u)m + Mhu for u ∈ [0,∞).
Hence, we have
f (x,u) g(x)h(u)mg(x) + Mhg(x)u for a.e. x ∈ Ω and each u ∈R+.
Since Ls ⊂ L 2nn+2 , we have g ∈ L 2nn+2 and Mhg ∈ Ls+ . Noting that Mh < M implies
‖Mhg‖Ls < M‖g‖Ls 
[
C
(
2μ(s)
)]−2
.
Hence, (P4)δ with δ = 1 holds. The results follow from Theorem 4.2. 
We remark that there are many functions g and h which satisfy (1) and (2) of Example 4.1. For example, take g ∈ Ln/2+
satisfying 2‖g‖Ln/2C2( 2nn−2 ) 1 and h(u) = u + sinu for u ∈ [0,∞).
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